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Abstract – For audio testing, a pink noise generator is a
very useful and widely used tool for equalization of
loudspeaker systems, room acoustics and crossovers. It can
be built as a digital, analog or mixed circuit. The pink noise
generator consists of a white noise source followed by a
fractional order integrator (FOI) with a roll-off of 10
dB/decade. In this way, the obtained output power is constant
in each decade, which is essential for testing audio devices
within the entire audio frequency band. In this paper, an
active realization of an FOI with an order 1/2 is presented,
using an active-RC circuit that uses an operational amplifier
as the active element. To build an FOI, we can use different
approximation methods. We use our recently published
Minimax method (MMX), with unequally (optimally) spaced
singularities and compare it with a method proposed by other
authors. The latter intuitively considers optimal singularities
equally spaced on a logarithmic scale. We demonstrate the
superiority of our proposed MMX approach.
Keywords – pink noise; analog circuits; circuit synthesis;
fractional order integrator; approximation; active-RC circuits;
electrical filters.

I. INTRODUCTION
In signal processing, noise is a general term for
unknown or unwanted modifications or changes that a
signal might suffer during its transmission, capture,
processing, storage, or conversion.
Noise is a certain type of signal and there are special
kinds of noise determined by power spectrum density
(PSD). These noises are often associated with colors that
describe their power spectrum. There is white, pink, brown,
blue, violet, grey noise and many more. They all have a
different PSD and different use cases.
These noises are mainly used in electroacoustics for
audio testing, calibration of electronic equipment, and
measurement of the characteristics of electroacoustic
systems. The four most common signals used in
measurement of electroacoustic systems are: sinusoidal
signals, white noise, pink noise, and signals roughly
approximating an impulse function [1].
White noise is a signal with equal intensity at different
frequencies that has a constant PSD. It is used in cases
where the test bands have a constant bandwidth, while pink
noise is used in cases where the bandwidth of the test bands
are related by a constant factor such as 1/10 of a decade or
1/3 of an octave.
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Pink noise is a signal that has a frequency spectrum with
a PSD that is inversely proportional to the frequency of the
signal. There, each octave of frequency has the same
amount of energy. The energy falls off at about 3 dB/octave
or 10 dB/decade.
Pink noise is very common in biological systems. Its
pattern occurs in various natural systems, for example, in
the luminosity of quazars, in the flow of traffic, in the daily
rhythm of the heartbeat, and in various other systems. It is
very commonly used to test and equalize loudspeakers in
rooms and auditoriums.
II. PINK NOISE GENERATION
Pink noise is usually generated from white noise. It is
obtained by filtering white noise using an adequate analog
network. More accurate pink noise is obtained by passing
white noise through an electrical filter with the transfer
function (TF) given below:
𝐻(𝑠) =

𝑉𝑜𝑢𝑡 (𝑠)
𝑉𝑖𝑛 (𝑠)

=

𝐾

(1)

√𝑠

or
𝐻(𝑗𝜔) =

𝐾
√𝑗𝜔

=

𝐾
√𝜔

𝑒 −𝑗(𝜋/4)

(2)

where K can be any constant. This TF has an amplitude that
decreases at a rate of 3dB/octave or 10dB/decade. It
corresponds to a phase shift that constantly lags by π/4
radians or 45 [2].
The electrical filter with constant phase as in (2) is
usually made with an RC network having a finite number
of poles and zeros located only on the negative real axis and
that are alternating. It can approximate the TF (1). To
generate pink noise, we need a source of white noise
combined with a −3 dB/octave filter as in (1). The most
basic electrical filter is a first-order filter with a 6 dB/octave
drop off in the stopband. Therefore, a real analog system
with a drop of 3dB/octave, which we need, is simply
impossible and unobtainable. However, a sufficiently good
approximation can be achieved within a desired frequency
band, by using an 𝑛𝑡ℎ -order transfer function:
𝐻(𝑠) = 𝐻𝑖𝑛𝑓

(𝑠+𝑧1 )(𝑠+𝑧2 )⋯(𝑠+𝑧𝑛 )

,

(𝑠+𝑝1 )(𝑠+𝑝2 )⋯(𝑠+𝑝𝑛 )

(3)

where 𝑧1 ,𝑧2 ,…,𝑧𝑛 and 𝑝1 ,𝑝2 ,…𝑝𝑛 are absolute values of
the zeros and poles of the transfer function and 𝐻𝑖𝑛𝑓 is the
value of (3) when s → ∞ [1]. For a given order n, there is
always a set of optimal poles and zeros such that the
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frequency response magnitude of (3) has a drop off as close
as possible to 3 dB/octave or 10 dB/decade within the set
frequency band. The larger order n is, the closer the
obtained frequency response magnitude is to the ideal one.
The realization of such a transfer function is done using a
filter with multiple filter sections. The number of filter
sections determines how flat the filter will be. More is
better but increases complexity and cost. An example of
such a filter is shown in Fig. 1. The opamp used to
implement the filter can be almost any; most opamps are
suitable for this purpose. By choosing the capacitance of
the capacitors and the resistance of the resistors in each
filter section, we can adjust its frequency.
III. A NOVEL FRACTIONAL-ORDER INTEGRATOR
In our paper we generate pink noise from white noise
using a fractional order integrator whose scheme is
identical to Fig. 1. An example of such a filter can be found
in [3] and is shown here in Fig. 2. Our goal is to realize a
more accurate filter or a filter with fewer filter sections. To
determine the values for our capacitors and resistors for the
best approximation of a TF with a −10 dB/decade
frequency response magnitude, we will use our MATLAB
program in [4]. It uses the minimax method (MMX) from
[5] to determine these values.

TABLE I.
Number

NORMALIZED POLES AND ZEROS OF THE TF
DETERMINED BY OUR METHOD MMX
Poles, p (rad/s)

Zeros, z (rad/s)

1st

42.3029

0.023639

2nd

1.9979

0.5005215

3rd

0.1237557

8.0804

TABLE II.
DENORMALIZED RESISTANCES AND
CAPACITANCES DETERMINED FROM POLES AND ZEROS IN TABLE I
(BY OUR METHOD MMX)
Number

Resistance, R (Ω)

Capacitance, C (nF)

1st

113.68

52.329

2nd

802.4

156.97

3rd

3116.4

652.5

4th

10460

0

After running our program, we have determined the
optimal TF in (4) of order 3, and its normalized zeros and
poles are given in Table I, with Hinf=10.4595.
The normalized transfer function we have determined
is:

𝐻𝑀𝑖𝑛𝑖𝑚𝑎𝑥 (𝑠) =

0.09561𝑠 3 +4.247𝑠 2 +8.605𝑠+1
𝑠 3 +8.605𝑠 2 +4.247𝑠+0.09561

.

(4)

From Table I, we determined the values of the elements
denormalized to the resistance level of 1k and to the audio
frequency range of 20Hz to 20kHz (three decades wide).
The elements are shown in Table II.
The normalized frequency response magnitude of (4) is
shown in Fig. 3 as the curve 'Minimax'. It can be seen that
we have obtained an almost ideal −10 dB/decade roll-off of
the frequency response magnitude. The corresponding
error in the magnitude response as well as the phase
response and its error are shown in Figs. 4, 5 and 6,
respectively.

Figure 1. Example filter schematic for approximating pink noise
from a white noise source [1]
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Figure 2. Scheme of a realized pink filter in [3]

IV. COMPARING OUR FILTER WITH OTHER PINK NOISE
FILTER EXAMPLES IN THE LITERATURE
In this section we compare our pink filter in the pink
noise generator and its characteristics with those in [1]. We
will see that while their approach yields sufficiently good
results, our approach will prove superior.
In [1], pink noise is generated from white noise in the
frequency bandwidth of human hearing (20 Hz – 20 kHz).
Fractional-order TFs were generated from order 2 to 8 by
minimizing the mean square error (MSE) between the
amplitude-frequency response magnitude of the desired TF
and an ideal amplitude-frequency response function within
the above audio band. This was achieved by changing the
singularity values so that they are always equidistant from
each other on a logarithmic scale. The (equi)distance value
between these singularities was the subject of optimization.
By applying this strategy, the authors determined the
optimal singularities for TFs of orders 2 to 8. The poles and
zeros as well as the MSE for TF1 to TF3 from [1] are given
in Table III. In [1], the optimized TF is TF1 (note the
minimum MSE for TF1 in Table III). The corresponding
normalized element values for their filter, as in Fig. 1, with
a third-order TF (TF1) are given in Table IV.
We used the poles and zeros from column TF1 in the
Table III and substituted them into (3). In order to enable a
meaningful comparison to TF in (4), we then calculated
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TABLE III.

POLES AND ZEROS FOR THREE DIFFERENT TFS IN [1]
TF1

TF2

𝑧1 (Hz)

97.49

53.02

72.9

𝑝2 (Hz)

339

186.1

179.5

𝑧2 (Hz)

1179

589.8

589.7

𝑝3 (Hz)

4098

1824

2497

𝑧3 (Hz)

14249

5646

10788

𝑝4 (Hz)

/

MSE

13.44

3.718 ∗ 10

/
−3

1.766 ∗ 10−2

Hinf=0.154253 and divided all poles and zeros by
f0=632.456[Hz]. We obtained the normalized transfer
function given by:

𝐻𝑃𝑖𝑛𝑘𝑇𝐹1 (𝑠) =

0.154𝑠 3 +3.784𝑠 2 +7.059𝑠+1
𝑠 3 +7.059𝑠 2 +3.784𝑠+0.154

.

(5)

In doing so we normalized the obtained approximation
function in (5) to make its magnitude equal to unity at the
unity frequency. The resulting frequency response
magnitude of the normalized 3rd order TF in (5) is shown in
Fig. 3 as the curve 'PinkTF1'. There it can be seen that the
required drop off of 3dB/octave has been achieved. Figs. 3,
4, 5 and 6 show the final results of the comparison between
our approach and the approach in [1]. We compared the
magnitude response as well as its error and the phase
response as well as its error. The design of the PinkTF1
filter was optimized for magnitude characteristics, while
the design of the Minimax filter was optimized for phase
characteristics.
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Resistance, R (Ω)

14.9

27493
6.487 ∗ 10

RESISTANCES AND CAPACITANCES OF THE TF1
CASE IN TABLE III NORMALIZED TO RE=1 AS IN [1]

Number

𝑝1 (Hz)

28.04

−4

TABLE IV.

TF3

Capacitance, C (F)

1st

5.286 ∗ 10

−1

3.087 ∗ 10−3

2nd

1.404 ∗ 10−1

9.611 ∗ 10−4

3rd

3.120 ∗ 10−2

3.576 ∗ 10−4

4th

1

0

As it can be seen, the PinkTF1 filter performs slightly better
on the magnitude response (Figs. 3 and 4), while our
approach performs much better on the phase response
(Figs. 5 and 6). Since the phase properties are much better
and the magnitude properties are very similar, this means
that our approach gives better results and is superior.
In [2] the pink noise generator is described, which consists
of a white noise generator followed by a fractional-order
filter. The latter is a fractional-order integrator (FOI) of
order 1/2. The white noise generation method is based on
digitally generated pseudo-random binary two-level white
noise. It is then transformed into pink noise by filtering. The
two-level white noise is generated by applying an
exclusive-or feedback around a shift register of length n to
synthesize a recurrent binary sequence of maximum length
2n−1. The author in [2] has experimentally found that
sufficiently accurate pink noise can be generated from twolevel white noise at a clock frequency of about 64 kHz and
a shift register of length n = 16. If our filter had been used
to filter the noise coming from the digital noise generator,
the same and improved quality of the resulting pink noise
would have been obtained with even lower complexity of
the subsequent pink-noise filter.

Figure 3. Frequency response magnitude comparison

Figure 5. Frequency response phase comparison

Figure 4. Frequency response magnitude error comparison

Figure 6. Frequency response phase error comparison

MIPRO 2022/MEET

Besides the graphical comparison, the maximum phase
deviation of each curve within the bandwidth HL is
calculated numerically using the following measure:
∆𝜑𝑚𝑎𝑥 =

TABLE V.
Number

max |𝜑𝑖𝑑𝑒𝑎𝑙 − arg (𝐻(𝑗𝜔))| (6)

𝜔𝐿 ≤𝜔≤𝜔𝐻

The values of max obtained in degrees are shown in
Figs. 5 and 6 within the brackets (see also [5]).
V. PRACTICAL ACTIVE-RC REALIZATIONS
In our example, the element values from Table II were
already denormalized to the frequency range from 20Hz to
20kHz, i.e., to the center frequency
𝑓0 = √20 ∙ 20 ∙ 103 = 632.45[Hz]

(7)

and to the resistance value R0=1[k]. The elements in
Table IV are repeated here from [1] and are thus normalized
to RE=1[]. To obtain the comparison of two
characteristics in the frequency range from 20Hz to 20kHz,
we must also denormalize the circuits to the same
frequency and impedance. The denormalization applied to
the final circuits in this paper is indeed the process of
frequency and impedance scaling, e.g., transforming each
Cn and Rn to C=Cn/(0R0) and R=RnR0, where R0 is the
normalization resistance identical to the new resistance
level, and 0=2f0 is the normalization frequency identical
to the new central frequency [5]. From the elements of
Table IV, we obtain the physically realizable
(denormalized) elements in Table V. We keep the same f0
but scale the resistance value from 1 to 1k by
multiplying the resistances by a factor of 1000 and dividing
the capacitances by the same factor, keeping the time
constant RC at the same value. PSpice AC sweep analysis
was performed using the scheme of Fig. 1 (with RI=1k,
i.e., the same value as the impedance level R0 of the
network) in the cascade with inverting unity gain amplifier
to cancel the negative sign of the gain.

Figure 7. Frequency response magnitude comparison inside
audio frequency band

Capacitance, C (nF)

1st

528.6

3087.0

2nd

140.4

961.1

3rd

31.2

357.6

4th

1000

0

For comparison, note that we used the audio frequency
bandwidth (20Hz to 20kHz) in the analysis in Figs. 7 and
8, while the normalized frequency range is used in Figs. 3
to 6 above. Also note the difference in gain value in Fig. 7,
which is due to the value of the Hinf constant. In our MMX
design, we took the approach of determining Hinf such that
the resistance value of the network at the center frequency
f0=623.45Hz is R0=1k (for a gain of 0dB at f0 in Fig. 7),
while in [1] the determined Hinf=0.0237844 for a gain of
0dB as the D.C. response. Both approaches are correct
since the gain value does not affect the phase characteristics
in Fig. 8. The gain can be easily adjusted by changing the
value of resistor RI or somewhere in the signal path.
VI. CONCLUSIONS
In this paper, we discussed the generation of pink noise
from white noise using an active RC-circuit. We have
discussed the definition of pink noise and explained why it
is useful, how it is used and generated, and the requirements
for its generation. By applying MMX, we have successfully
determined a transfer function for our FOI that closely
approximates pink noise from white noise. The main
requirement for the filter is that it has a roll-off of 3
dB/octave (or 10 dB/decade), which we successfully
achieved very accurately. We have also compared our
method for generating pink noise with other methods in the
literature and concluded that our method is superior. The
feasibility of the pink noise filter was demonstrated using
PSpice analysis of real filters designed using both methods.
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