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Abstract—In underwater imaging we observe objects in the
water through a flat glass interface which defines a two-layer
flat refractive geometry. Using structured light for underwater 3D imaging requires that both camera and projector
are calibrated, which is a difficult task. In this paper we
discuss how to calibrate a projector for underwater imaging
under a two-layer flat refractive geometry. We propose to
model the projector as an inverse camera which enables
the use of known procedures for camera calibration in flat
refractive geometry. We discuss how to efficiently collect the
calibration data using only a planar calibration board and
an uncalibrated camera. Performed experiments show that
the results of projector calibration are comparable to the
results of camera calibration making it highly applicable in
practice.
Keywords—projector calibration, flat refractive geometry,
underwater imaging, camera calibration

I. I NTRODUCTION
Calibration of both camera and projector [1] is a necessary procedure which must be done before a structured
light (SL) scanning system can be used in practice. A
common application is as a 3D sensor on an underwater
vehicle for mapping the underwater environment, e.g. for
documenting the archaeological sites.
In underwater imaging both projector and camera are
placed in a watertight enclosure/housing. Objects in the
water are imaged by observing them through a glass
window, called an interface, which can be flat [2] or curved
[3]. Two major differences which make the underwater
imaging hard, compared to the imaging in the air, are:
(1) the shape of the glass interface may affect the light
by changing the direction of light rays; and (2) light
absorption and scattering are stronger in the water than
in the air. In this paper we focus on the first problem
about how a flat glass interface affects the imaging and
how the projector may be calibrated for such imaging
geometry. If a flat glass interface is used in the setup
for underwater imaging then there are two parallel flat
refraction boundaries, the first one at the air-glass and
another at the glass-water boundary. In the literature such a
setup is usually referred to as the multi-layer flat refractive
geometry [4]–[7], and the axial camera model [8] is
proposed instead of the standard pinhole model [9].
When considering underwater imaging a simple but
costly setup is a curved interface, usually a glass dome.
A glass dome is usually designed so directions of all
incoming or outgoing light rays coincide with the dome’s
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normal which eliminates refraction artifacts, but which
makes them hard to manufacture as they must be customized to a particular device [10], [11]. On the other
hand flat interfaces are easy to manufacture, are low cost,
do not impose strict manufacturing tolerances, and make
the change of imaging device simple. However, they do
not eliminate light refraction which makes the standard
pinhole model inapplicable. In general, for underwater
imaging a single focal point of the pinhole model is inapplicable due to focus spread. Focal point must therefore
be replaced with a caustic, which is surface of all points
where the incoming light rays meet [7], [11]. For a flat
interface and a standard pinhole camera instead of using
the caustic to exactly model the focus spread, a simpler
model of focal spread is usually used in practice. The
simplest approach to model the focal spread is to use
a pinhole camera model with distortion where distortion
parameters are sufficient to model the focal spread [11],
[12]; such an approach is best used when the camera is
quite close to the interface and where the interface is
orthogonal to the camera’s optical axis [2]. More complex
models parameterize the flat interface using the distance
of the interface to the camera’s center and the normal of
the interface, as proposed by Sedlazeck and Koch [11].
Such parametric approach was thoroughly investigated by
Agrawal et al. [4], who show that an axial camera model
may be used as all incoming (and outgoing) rays intersect
one particular line in space which is the axis of the axial
camera, and that the developed model is applicable to
any number of parallel flat refraction boundaries. Note
that the axis is not the optical axis of the in-the-air
camera, although they coincide when the flat interface is
exactly in front of the camera. Multi-layer flat refractive
geometry model proposed by Agrawal et al. [4] is used
in several works that describe camera calibration [2], [6],
[13] and underwater SfM [5]. The difficulties of existing
camera calibration methods for multi-layer flat refractive
geometry are in the complexity of the forward projection
model whose solution is neither straightforward nor easy
to compute1 [4], [14] making the standard approach of
minimization of the re-projection error slow and cumbersome to implement.
Regarding the use of structured light in underwater
1 For two-layer flat geometry a 12th degree polynomial must be
numerically solved and each of four viable real solutions must be verified
using backprojection.
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Fig. 1: Two-layer flat refractive imaging geometry

imaging and projector calibration there are only several
works. Usually the projector is used in an active stereo
system simply to aid in establishing point correspondences
[15], [16] which makes calibration unnecessary. To the
best of our knowledge only Wang et al. [17] describes an
underwater structured light system where a camera uses a
dome interface and where projector uses a flat interface.
The projector is calibrated using the model described in
[7], however proposed calibration requires a precalibrated
camera and is limited to the use of the regular dot grid SL
pattern 3.
In this paper we present a method to calibrate a projector for underwater imaging for two-layer flat refractive
geometry [4]. The projector and the flat glass interface
are modelled as an inverse axial camera. Any type of
camera may be used to acquire the calibration data using
a submersible planar calibration board. To further simplify
the calibration instead of the reprojection error we propose
to use the error in the 3D point space.
The remainder of the paper is structured as follows:
Refractive imaging geometry is introduced in Section
II-A and approach to calibration using the coplanarity
constraint is described in Section II-B. The proposed
method is presented in Sections II-C and II-D. Calibration
results and discussion are presented in Section III. Finally,
we conclude in Section IV.
II. M ETHODOLOGY
In an underwater SL scanning system both projector and
camera are in the air and illuminate or observe an object
in the water through a flat glass interface comprised of
an air-to-glass and a glass-to-water interfaces, as shown
in Fig. 1. Due to the principle of reversibility shown light
path only reverses its direction if a camera is replaced by
a projector, and the same axial camera model may be used
for both. Therefore, for the projector we propose to use
an axial camera model as described by Agrawal et al. [4]
for the case of two-layer flat refractive geometry.
The proposed calibration assumes the projector is fully
calibrated in-the-air, i.e. we know all intrinsic parameters.
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Fig. 2: Plane of refraction (POR)

A. Imaging Geometry and Coplanarity Constraint
A typical two-layer flat imaging geometry is shown in
Fig. 1 where C is the center of the projector for the pinhole
model, ⃗v0 is the initial ray, ⃗v1 and ⃗v2 are refracted rays,
Q1 and Q2 are two points of refraction, and P is the
illuminated point in the 3D space. Axis ⃗a is the axis of
the axial camera; it points in the opposite direction of
the boundary normal ⃗n. Distance between C and the first
boundary is d0 and the thickness of the glass is d1 (see
Fig. 2).
The most important concept in multi-layer flat refractive
geometry is the plane of refraction (POR) [4], which
contains the entire light path for each pixel. Both incident
ray and surface normal lie on a plane, and considering
Snell’s law the refracted ray must also lie on that plane,
and by induction the whole light path and the illuminated
point P are also on the same plane [4]. A typical POR
is shown in Fig. 2; it contains the axis ⃗a, the initial ray
⃗v0 , two refracted rays ⃗v1 and ⃗v2 , and the illuminated point
P . Note that POR is different for each pixel and that all
PORs for all pixels comprise a pencil of planes through a
straight line which is the axis of the axial camera ⃗a.
The fact that P and ⃗v0 are on POR is called the
coplanarity constraint [4] and can be expressed in matrix
form as
T
[a]× v0 (Rp + t) = 0,
(1)
where [a]× is a skew-symmetric matrix representing ⃗a in
the camera frame, v0 is a 3 × 1 vector representing ⃗v0 in
the camera frame, p is a 3×1 column vector representation
of P in the calibration frame. Eq. (1) is expressed in the
camera frame so R and t encode the relative pose of the
calibration frame to the camera frame.
B. Calibration using the Coplanarity Constraint
For calibrating a multi-layer flat refractive system,
Agrawal et al. [4] propose the use of the coplanarity
constraint given by Eq. (1) to estimate the axis ⃗a followed
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by the recovery of distance d0 and thickness d1 by
solving a system of linear equations which is derived
from the so-called flat refraction constraint. The obtained
solution obtained is then further refined by minimizing the
reprojection error.
Unfortunately, our experiments with the proposed calibration scheme of Agrawal et al. [4] have shown that
the proposed solution to the coplanarity constraint (1) is
not stable for practical use, i.e. directions of the estimated
axis ⃗a for several consecutive recordings of the calibration
board span a cone more than 60◦ wide. Therefore, we propose an alternative fully numerical calibration procedure
which uses errors in 3D point space.
C. Errors in 3D Point Space
Instead of minimizing the reprojection error we propose
to minimize distances in 3D space. Due to the known
in-the-air calibration all distances in 3D space are well
defined and are easily computed. We propose three components to use: (1) coplanarity error; (2) frustum error;
and (3) backprojection error. All three distances are well
defined and may be used as an objective function in a
non-linear least squares minimization scheme.
1) Coplanarity Error: The coplanarity constraint (1)
requires that a point P and its corresponding ray ⃗v0 lie
on the POR. A plane in Hesse normal form is described
by its normal n̂ and its signed distance to the origin δ.
The shortest vector ⃗rCPL connecting a point p⃗ to the plane
is
⃗rCPL = (δ − n̂ · p⃗) n̂.
(2)
It must be zero for all ray-point pairs, hence the sum of
squares of two-norms
X
||⃗rCPL,i ||22
(3)
i

for all ray-points pairs (⃗v0,i , p⃗i ) must be mininimized.
2) Frustum Error: All calibration points must be visible
so we propose the distance to projector’s clipping planes
as the frustum error. Six clipping planes (front, back,
top, bottom, left, and right) define the view frustum and
the distance to the clipping plane can act as a chierality
constraint; its purpose is to guide the minimization by
constraining the pose parameters. From the known inthe-air calibration equations of all six clipping planes are
easily expressed in Hesse normal form. If all normals are
re-oriented to point inside the frustum, then the vector ⃗rFRS
connecting the point p⃗ which is outside of the frustum to
the clipping plane (n̂j , δj ) is
⃗rFRS = (δj − n̂j · p⃗)n̂j

if n̂j · p⃗ − δj > 0.

(4)

If the condition of Eq. (4) is not met then the point is on
the correct side of the clipping plane and we set ⃗rFRS to
zero.
3) Backprojection Error: If the complete imaging geometry is known then the equation of the refracted ray
in the water can be computed [4]. We are only interested
in the part of the ray in the water inside the projector’s
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Side A of hexagonal 21x(19,18) calibration board. Circles’ diameter is 15mm and circles’ centers are 25mm apart.

Fig. 3: Calibration board
(left: ideal board, right: physical board)

frustum (see Fig. 7, rays in water in blue); that ray segment
is best modelled via its two endpoints denoted as Q2 (see
Fig. 1) and Q3 . Note that ⃗q3 = ⃗q2 +ℓv̂2 , where ℓ is distance
between Q2 and Q3 which is defined by the frustum. The
backprojection error is then the distance of a point p⃗i to
the line segment connecting Q2 to Q3 . Expressing the line
in parametric form as ⃗q2 +t⃗q3 enables simple computation
of t which defines the closest point as,
t = (⃗
pi − ⃗q1 ) · (⃗q2 − ⃗q1 ) / ||⃗q2 ||.

(5)

The shortest vector ⃗rBPR connecting a point p⃗ to the line
segment is then


t≤0
⃗q1 − p⃗,
(6)
⃗rBPR = ⃗q1 + t⃗q2 − p⃗i , 0 < t < 1


⃗q2 − p⃗,
1≤t
Hence, the sum of squares of two-norms
X
||⃗rBPR,i ||22
i

(7)

for all ray-points pairs (⃗v0,i , p⃗i ) is used as a cost function.
4) Total Error: If the projector is calibrated in the air
and if we know the true coordinates of the points on the
calibration object in phsyical units (usually milimeters)
then that all three vectors given by Eqs. (2), (4), and (6)
are measured using the same physical units and can be
summed together. Therefore, the total error which defines
the objective function to minimize is
X
||⃗rCPL,i ||22 + ||⃗rFRS,i ||22 + ||⃗rBPR,i ||22
(8)
i

The value of (8) is minimized over the space of parameters
which includes the axis ⃗a, the pose of R and p, and the
distances d0 and d1 . Optimization is suitable for non-linear
least squares with Levenberg-Marquardt algorithm as a
natural choice (e.g. Matlab’s lsqnonlin function).
D. Calibration using a Planar Calibration Board
Calibration in practice requires a calibration object
which is imaged and from which the coordinates of
calibration points are extracted. For this we propose to use
a submersible planar calibration board containing a regular
hexagonal grid of white circles on the black background,
see Fig. 3. The calibration board is imaged in several
positions and is processed to extract projector coordinates
as described in Petković et al. [18]. Note that the procedure
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Fig. 6: Decoded SL
(left: columns, middle: rows, right: illuminated area)

Fig. 4: Laboratory setup

Fig. 7: Calibrated rays for one board position

for all poses together.
III. R ESULTS AND D ISCUSSION

Fig. 5: Top view during scanning

of extracting the projector coordinates does not require a
calibrated camera, i.e. any camera using any type of glass
interface may be used.
The proposed numerical calibration is performed as
follows:
1) Calibrate the projector in the air using a standard
inverse camera pinhole model.
2) Image as many as positions of the calibration board
in the water as is practical and process the data using
the procedure of [18].
3) For each position of the calibration board estimate
the pose of the board w.r.t. the camera frame using
central approximation.2
4) Use numerical optimization with the objective function comprised of coplanarity and frustum errors to
re-estimate the poses and to estimate the axis for
each pose separately. Initial poses are ones obtained
by the central approximation and the initial axis
must be as close to the true axis as possible (see
Sec. III-B).
5) Use numerical optimization with the objective function comprised of backprojection, coplanarity and
frustum errors to re-estimate the poses and the axis
2 Central approximation means that we apply a pinhole mode disregarding the fact that there are refraction artifacts, see [4].
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The proposed method is evaluated on using the laboratory setup comprised of a water tank with 300 liters capacity filled with fresh water and a projector and two cameras
mounted on a fixed rig, see Fig. 4. Two cameras are
PointGrey’s Grasshopper 3 GS3-U3-23S6C-C equipped
with Fujinon HF12.5SA-1 lenses and the projector is Acer
S1383WHne. A top view of the system during scanning
is shown in Fig. 5
A. Calibration Results
We have acquired the calibration data for two relative
positions of the projector w.r.t. to the glass interface, one
next to glass and one far away from glass. In both positions
the calibration board was imaged at 5 positions equally
spread through the water tank at 150 mm apart. Calibration
points were extracted using the procedure described in [18]
and used SL code was MPS using 20:21:25 ratios [19].
An example of the SL code decoding to extract projector
coordinates is shown in Fig. 6. Note the incorrect SL
decoding in the upper column code which is caused by
internal reflection from the surface of the water in the
tank; such imaging artifacts were manually excluded from
the data which is used for calibration.
1) Projector Next to Glass: For projector next to the
glass interface the first position of the calibration board
was too close so there was no overlap between camera’s
and projector’s field of view (FOV). Calibration was
performed using the remaining four positions. Calibrated
imaging geometry is shown in the Fig. 8, left, where
calibrated poses of the calibration board are shown. Backprojected rays are drawn for the second position of the
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Fig. 9: Estimated directions of the axis ⃗a
TABLE II: Angular errors for axis direction

Fig. 8: Calibrated imaging geometry
(left: next to glass, right: far from glass)
TABLE I: Mean 3D (CPL, BPR) and
2D (reprojection) errors
View

Next to glass
CPL
BPR

Far from glass
CPL
BPR

Unit

PRJ

0.135

0.448

0.276

0.572

mm

CAM+PRJ

0.358

0.901

0.437

0.879

mm

Re-projection error
PRJ

0.862

0.263

px

CAM+PRJ

3.937

1.595

px

board; red are rays in the air, green are in the glass
interface; and blue are in the water. Note that calibration
board is only partially illuminated by the projector when
close to the glass.
Numerical results are listed in Tab. I for projector
calibration only (row PRJ) and for combined camera and
projector calibration (CAM+PRJ). Column CPL contains
the mean of coplanarity and frustum errors (step 4 of
the calibration), while column BPR contains average of
backprojection and frustum errors (step 5); reprojection
errors in pixels are also listed. Note that all errors are less
than one millimeter which is sufficient for the purpose
of 3D SL scanning and that projector’s optics introduces
minimal distortion yielding smaller errors.
2) Projector Far from Glass: For projector far from
the glass interface all positions of the calibration board
are fully illuminated. Furthermore, we have also glued a
white paper to the flat interface and have reconstructed its
position using a recording rig as a standard 3D SL scanner.
From that recording we know exactly two parameters, the
axis ⃗a and the distance d0 . Numerical results are again
listed in Tab. I.
B. Axis Estimation
As mentioned in Section II-B we have found the axis
estimation as proposed by Agrawal et al. [4] to be unstable.
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Angle between axes θ [◦ ]
Avg
Max
Spread

Method

Dev.

Agrawal et al.

CAM0
CAM1
PRJ

73.4
71.5
44.2

85.5
85.7
85.5

73.5
85.5
81.5

Ours

CAM0
CAM1
PRJ

39.3
5.0
15.2

80.2
8.8
58.2

77.6
7.6
56.1

This is best demonstrated in Fig. 9 which shows estimated
axis directions for three different methods for each position of the calibration board: (1) in red are directions
obtained by solving a coplanarity constraint using SVD
and then retrieving the axis using Demazure constraints
[20] as proposed by Agrawal et al. [4]; (2) in blue are
directions obtained by numerically minimizing coplanarity
and frustum errors as proposed by us; and (3) in green are
the ground truth axis directions as measured by the 3D
SL scanner. Numerical values for angular errors are listed
in Tab. II: the column Avg lists average angle between all
estimated axes and the ground truth, Max lists the maximal
angle indicating the worst estimate, and Spread lists the
maximal spanning angle between estimated directions. As
the true axis of the system if fixed these result indicate
the axis estimation may be problematic in practice.
We conjecture that the coplanarity constraint given by
Eq. (1) exhibits a coupling between the axis ⃗a and the pose
parameters R and t. Let 3 × 2 matrix O = Null(aT )T be
an orthographic projection of the 3D space onto the null
space of ⃗a. Then Eq. (1) reduces to
T

O([a]× v0 )
O(Rp + t) = 0,
(9)
which is the same constraint where the product with O
removes one dimension indicating that multiple solutions
are possible. To test this we have analysed the data
provided by Agrawal et al. [21] and have found at least
three local minima having an average CPL error less than 1
mm by minimizing Eq. (1) starting with random initial axis
directions. Found solutions are shown in Fig. 10 where
three pencils of rays are drawn for a total of 144 nonplanar calibration points. The leftmost pencil of rays is
the correct solution, however as two alternative solutions
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Fig. 10: Three local minima
(CPL error [mm]: left 0.033, middle 0.128, right: 0.381)

have similar errors we advise caution, i.e. when using the
coplanarity constraint always verify the obtained result.
C. Practical Considerations
The proposed calibration procedure is evaluated in a
laboratory environment in clear water without adverse effects of direct natural light, water turbidity, and underwater
currents. Considering calibration in a real underwater environment, proposed MPS SL code provides insensitivity
to ambient illumination [19], and it should also provide
insensitivity to moderate turbidity as the blurring effect of
turbidity does not affect signal phase. Regarding currents
the calibration board must be motionless, so calibration
under strong currents is not possible.
IV. C ONCLUSION
We have presented a practical method for projector
calibration in a two-layer flat refractive geometry where
the projector is modelled as an inverse camera. Considered
imaging geometry comprises two parallel flat refraction
boundaries and an inverse pinhole camera model which
are modelled together as an inverse axial camera. The proposed calibration method is purely numerical and avoids
a complex forward projection formulas while enabling the
computation of all parameters. This property significantly
simplifies the implementation of the calibration procedure.
Experimental backprojection errors are less then one millimeter, which is sufficient for the 3D reconstruction using
SL considering the working distance of up to 2 meters.
One open issue which we have identified is a possible
instability of the previously proposed coplanarity constraint, and that will be the focus of our future work.
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