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Abstract - Scheduling is a family of combinatorial
problems where we need to find optimal time arrangements
for activities. Scheduling problems in applications are
usually notoriously hard to solve exactly. Existing exact
solving procedures, based on mathematical programming
and constraint programming, usually make manually-tuned
heuristic choices. These heuristics can be improved by
machine learning. In this paper, we apply the graph
convolutional neural network from the literature on
speeding up general branch&bound solver by learning its
branching decisions. We test the augmented solver on jobshop scheduling problems and specific delivery scheduling
problems in the supply chain of a local retailer. We get
promising results and point to possible improvements. We
discuss the interesting question of how much we can
accelerate solving NP-hard problems in the light of the
known limits and impossibility results in AI.
Keywords - combinatorial optimization; machine learning;
job-shop scheduling problem; delivery scheduling; supplychain; graph-convolution neural network; branch-and-bound
algorithm; mixed-integer linear programming

I.

INTRODUCTION

Combinatorial optimization (CO) is a subfield of
mathematical optimization which aims to find the best
decisions in problems with a big but finite set of
alternatives. Application areas are numerous, such as
supply chain management, project management, and
vehicle routing. The problems are usually solved on a
computer. It was immediately shown that such problems,
unless having a special structure, are problematically
complex for solving. Computational complexity has put
most of such problems in a class of NP-hard problems for
which the execution time takes too long for practical
purposes. The naive general solving method would try to
explicitly enumerate all options and select the best one.
Current algorithmic approaches fall into two categories:
exact methods of implicit enumeration over graphs and
heuristic methods. The former are general and have
solution quality guarantees, but their execution most often
takes too long for practical purposes. Heuristic methods
generally have no guarantees, but they give good-enough
solutions in a realistic time.
Exact general methods fall into two general
subcategories: approaches based on branch&bound
(B&B) and constraint satisfaction methods. Neither
method dominates the other. Among B&B-based
approaches over mixed-integer linear programming
(MILP), the most commonly used model in practice,
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Gurobi shows the best performance among commercial
tools. SCIP is the best performing open-source solver [1].
Among tools for constraint satisfaction, CP-SAT from
Google's OR-Tools has the best performance [2].
Heuristic approaches are divided into the following
subcategories: constructive heuristics, metaheuristics, and
hyperheuristics. We have included the category of
improvement heuristics, commonly used in the literature,
in metaheuristics by the principle of parsimony.
Exact methods, constructive heuristics, and
metaheuristics search for the solution in the solution
space. All of them depend on components made manually
by human experts, which is often an expensive and timeconsuming process. These components generally do not
effortlessly transfer to the new types of problems.
Namely, even exact methods use heuristic submethods in
their decisions (such as branching variable-selection rules
and selecting nodes for evaluation), which are not
generally optimal.
Hyperheuristics, however, search the space of
heuristics. Currently, the most dominant hyperheuristic
approach is genetic programming. Such methods
automatically find heuristics with good general
performance on diverse problem-set. They mostly use
features made by experts, and they use evolutionary
methods for optimization, i.e. 0-order optimization
methods that do not use the gradient information [3].
Lately, using deep neural approximators over
combinatorial constructs has proven to be powerful in the
domain of supervised learning in the problems of natural
language processing with applications in computer
programming [4] and mathematics [5]. That has resulted
in substantial improvements in both research and
applications. The successes above show the potential and
capacity of such architectures to adequately approximate
complex combinatorial structures in order to achieve
necessary functionalities.
Moreover, the additional potential is demonstrated in
using deep reinforcement learning (DRL) for attaining
superhuman performance in games of chess, Go [6],
Starcraft 2 [7], and Dota 2 [8]. All of the mentioned have
huge combinatorial spaces over which action sequences
are optimized. The main characteristic of deep neural
approaches is the possibility of automatic discovery of
specialized features that lead to better problem-solving
capabilities and the reduced necessity for domain
knowledge. As these approaches use 1-order optimization
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methods (i.e., they use information about gradient), such
methods are an order of magnitude faster than approaches
based on 0-order counterparts [9]. Methods based on deep
reinforcement learning achieved the most noticeable
results over impressively large combinatorial problems
with single objective (inherently or scalarized) [6]–[8],
while control methods based on evolutionary approaches
have lagged behind their successes due to lower sample
efficiency [10], [11].
Additionally, current optimization methods treat
problems as independent situations. However, often in
practice, only related problems from the narrow domain
are solved. Such a narrow domain can be the same family
of problems or even a narrower domain where the
problems share structure and differ only in the parameter
values. For such settings, algorithms that could learn from
the previous experience could, on average, find better
solutions faster.
In this paper, we shall take two scheduling problems
modeled as MILPs:
1.

job shop scheduling problem (JSSP) – a
canonical problem in machine scheduling, and

2.

real-world delivery scheduling problem (DSP) in
supply chain belonging to Konzum plus [12],

and we shall apply the method from the literature [13] to
test the acceleration that could be gained on top of the
exact branch&bound solver SCIP. We use the data
generated from the runs of SCIP solver to do the imitation
learning on graph convolutional neural network in order to
learn a faster, high-quality branching policy.
This paper is structured as follows. We cover related
work in section II, present our problem setting, results and
elaborate upon them in section III. In section IV, we give
our view on the possible future developments in the field
of combinatorial optimization augmented with machine
learning. Finally, in section V we shall give our
conclusion.
II.

RELATED WORK

Authors in [14] argue for the hybridization of
combinatorial optimization approaches with machine
learning in order to achieve better average performance
over specific problem sets. There are several surveys into
that area [15]–[22].
Recent works show the potential of using statistical,
machine learning methods such as deep approximators
when used in tandem with exact general solvers. The
potential of approaches based on supervised learning in
exact optimization on MILP was demonstrated in [13].
Graph convolutional neural networks were used to achieve
improvement over other statistical approaches, as well as
coded heuristics in SCIP solver. Qu et al. [23] used DRL
to further improve the performance of the branching
policy. The total B&B performance was further improved
in [24] by the addition of neural diving to neural
branching which bettered even the Gurobi solver. In [25],
authors improve exact general solvers based on constraint
satisfaction by using graph neural networks and deep
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reinforcement learning. Authors in [26] have used the
DRL hyperheuristic for metric traveling salesman and
knapsack problems, and for heterogenous vehicle routing
problems [27]. The machine-learning model learned highquality column selection for column generation procedure
in [28] with a demonstration on vehicle routing problem
with time windows.
Maragno et al. [29] established a methodology for
mixed-integer optimization with learned constraints.
Predict-and-optimize approaches in [30] used machine
learning to learn the parameters of hard combinatorial
problems while considering the effect of modeling errors
on decisions. Subsequently, the problem was solved and
achieved better results than classical ML error functions
which only focus on achieving the model's precision on a
certain dataset. Reinforcement learning was used in [31]
to find dispatch policy for permutation flow shop
scheduling with multiple lines.
Amazon and Alibaba, two of the world’s greatest ecommerce companies with complex supply chains, have
shown interest in fast hyperheuristic deep reinforcement
learning approaches to solve combinatorial optimization
problems like bin-packing [32], [33]. Authors in [32] have
published basic baseline solutions for canonical
combinatorial problems in supply chains with the
motivation to advance the work in that area. So far, only
the basic exploratory research and implementations have
been made, and they show the potential of the DRL
hyperheuristic approach.
III.

SCHEDULING PROBLEMS

In this section, we present two scheduling problems
that we focused on – the job shop scheduling problem
(JSSP) and the real-world supply chain management
problem obtained from Konzum plus data. Next, we
describe B&B algorithm and parametrization of branching
policy. Finally, we describe the process of generating data
and our model – a graph convolution neural network.
A.
Job shop scheduling problem
The job-shop scheduling problem (JSSP) is an
optimization problem in which jobs are assigned to
resources at a given time. The standard version is as
follows: suppose we have a finite set of jobs and a
finite set of machines. For each job in , we have a
list of machines (
) that represents the
processing order of through machines. Additionally, for
every job and machine , a non-negative integer
is
assigned, which represents the processing time of job on
machine . Each machine can process a maximum of one
job at a time and when the job starts on a particular
machine, its processing must be completed without
interruption. The goal is to find a schedule of processing
on
that minimizes the processing time. Minimizing
processing time for JSSP is an NP difficult problem for
and
[34]. JSSP can be formulated as a
MILP problem. According to [34], Manne's (disjunctive)
model [35] is the best formulation, so we decided to use
that model. In the rest of the paper, we shall refer to sizes
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of JSSP problems as nxm, that is (number of jobs x
number of machines).
B.
Supply chain management problem
The problem instances which we use for training, testing,
and evaluating the network are real-life instances of
supply chain management problems [12], collected from
a network of Konzum stores. Specifically, the data
includes delivery needs for 420 Konzum branches, taking
into account utilization of transport and warehouses, and
product shelf life. A solution to the problem consists of
weekly delivery patterns, i.e. the baseline schedule taken
as the basis for schedules in all weeks for a certain
period. The problem has 40,000 (mostly binary) variables
and 46,000 constraints.
C.
Branch&bound algorithm
B&B algorithm implements a "divide-and-conquer"
algorithm that can be represented by a search tree in
which LP relaxation of the problem is calculated at each
node. If the relaxation is infeasible, or if the solution of
the relaxation is naturally MILP feasible (integrality
requirements are respected), the node does not need to be
expanded. Otherwise, there exists at least one variable,
among those supposed to be an integer, which has a noninteger value in the LP solution and that variable can be
chosen for branching.
The iterative procedure of the algorithm requires two
sorts of sequential decision making:
1.

Node selection - selection of the next node to
evaluate

2.

Variable selection - selection of the variable by
which the node search space will be partitioned
i.e. variable by which the tree will be further
branched

D.
Application of graph convolutional
neural network in the B&B algorithm
In this paper, we will use a graph convolutional neural
network to speed up the B&B algorithm in the SCIP
solver. More precisely, we will focus on the variable
selection, also known as the branching problem, which is
the core of the B&B paradigm. We will try to adopt a
strategy of imitation learning to learn a fast
approximation of strong branching. Full strong branching
is a high-quality, but expensive branching rule which is
consistently resulting in the smallest B&B trees [13]. It
does so by computing the expected bound improvement
for each variable that is a candidate for node branching,
which unfortunately requires two LP solutions for each
candidate. In practice, strong branching is not used at
every node. Instead, modern solvers rely on hybrid
branching. Hybrid branching uses strong branching at the
beginning of the solving process and gradually transitions
to simpler heuristics such as the conflict score, the
pseudo-cost, or a combination of the two.
Our goal is to make a model (graph convolutional
neural network) that imitates strong branching in SCIP
for a particular class of problem. We will achieve this by

MIPRO 2022/CIS-AIS

solving numerous problems of the same class in SCIP
and simultaneously "recording" pairs (state, action). That
is, for states in the algorithm we will observe which
variable will be chosen for node expanding by full strong
branching (FSB) policy. We will train and test the
network with obtained pairs and try to achieve that the
model imitates the mentioned policy. When the model is
trained, we will integrate it into SCIP as a new branching
policy, which works about as well as FSB, but
significantly faster. Therefore, by using statistical
caching, interpolations, and extrapolations in neural
networks, we will try to speed up the solving algorithm.
E.
State parametrization of the B&B
algorithm
Because MILP problems consist of variables and
constraints related to those variables, the natural
representation of state is shown in the form of a bipartite
graph (Figure 1). Bipartite graph consists of constraint
nodes and variable nodes. If a constraint refers to a
variable, then corresponding nodes in the graph are
connected via edge. Furthermore, suppose that in the state
of the solver (B&B algorithm) there are
constraints,
each of which will have e features, and variables, each
of which has features. Then the constraint nodes are
represented by a constraint feature matrix
and
the variable nodes are represented by a variable feature
matrix
Finally, the edges are represented by an
edge feature matrix
. Thus, we parameterize
the state of the B&B process in moment as a bipartite
graph ( ) with the node features matrices and edge
features matrix
.

Figure 1 State of the solver - bipartite graph with constraint and variable
nodes [13]

F.
Parametrization of variable selection
in B&B algorithm
The variable selection policy
is
parameterized as a graph convolutional neural network
shown in Figure 2. We wrote the network model and
training procedure based on the code in [13]. Our model
takes the mentioned bipartite representation of the state
as input and performs one graph
convolution, in form of two intertwined semiconvolutions.
Namely, due to the bipartite structure of the input
graph, our graph convolution can be divided into two
consecutive passes and thus, perform the whole
convolution in an optimized way.
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In a convolution, we use 2-layer perceptron with
ReLU as an activation function. Passing through the
graph convolution layer, we obtain a bipartite graph with
the same topology as the input, but with potentially
different node characteristics, so that each node now
contains the accumulated information from its neighbors.
The required variable selection policy is obtained by
discarding the constraint nodes and applying the final 2layer perceptron on variable nodes, combined with
softmax activation function to obtain the probability
distribution over the variables that are branching
candidates.
Finally, we filter branching candidates (obtained from
the SCIP state) and refresh the loss function depending
on whether the choice of our model coincides with the
choice of the strong branching policy.

entropy loss. We stopped training after 10
successive epochs without improvement on the
validation set or 312 epochs at the latest.
3.

testing – using new test samples on our trained
network to assess the accuracy of the model in
selecting the branching variable

4.

CO evaluation – solving new MILP instances in
SCIP using our model for variable selection and
comparing solving speed with "ordinary" SCIP
a. for JSSP we have used 20 instances for
each of easy (7x7), medium (10x10),
and hard (11x11) problem sizes.
b. For DSP we have used 34 feasible
decomposed problem instances from
the test set (the remaining 26 were
infeasible) for the small-scale test.
Later we also test the generalization on
6 original large instances (prior to
decomposition). We have used the gap
of 0.8% and timeout of 1h for large
instances.

H.
Figure 2 Representation of the layers in graph convolutional neural
network used for parameterization of branching policy
[13]

G.
Methodology
We present a compendious summary of the whole
procedure:
1. Data collection – collecting train and validation
samples by initiating solving of MILP instances
in SCIP and recording the parameterized pairs
(state, action) which represent a policy of FSB
every five solving steps. We must emphasize
that FSB is a quite slow procedure on our JSSP
and DSP instances since these problems have
thousands of variables.
a. JSSP – we have used 10x10 randomly
created JSSP instances to generate
100,000 training, 20,000 validation,
and 20,000 test samples of the SCIP
state. We used separate JSSP instances
for each dataset.
b. DSP – we have used 36 problem
instances and separated them into 24
for training, 6 for validation, and 6 for
testing. Since each problem has 40,000
variables, it is much too big to run FSB
policy for extracting solver states.
Hence, we decompose each of the
problems into 10 problems with 2000
variables.
2.
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training - using training and validation samples
to train our GCNN model to imitate FSB policy.
We have used a batch size of 32 for training and
128 for evaluation, Adam optimizer, and cross-

Results
Table 1 Model testing results

Dataset
JSSP
DSP

acc@1
42.4
46.0

acc@3
64.0
64.9

acc@5
67.9
73.2

acc@10
77.8
83.1

From testing results in Table 1, we can see that the model
has partially learned to imitate the FSB policy. Column
acc@k holds the value of proportion of situations where
the correct choice was in top-k choices of our GCNN
model. The precision is lower than for the selected
problems in [13]. We will have to evaluate the model to
see whether it will be able to speed up solving of problem
instances – and this depends on the performance of the
chosen variables when branching policy unavoidably
misses the FSB choice. However, the performance of the
node is not something the model was optimized for, but
only the selection of top choice.
Table 2 Model evaluation results (* wins due to timeout)
Dataset

Difficulty

Easy

JSSP

Medium

Hard

Decomp.
DSP
Large

Branching
policy

Solving time

# of
best

Number of
nodes
173 ± 31%

RPB

14

GCNN

6

97 ± 45%

RPB

17

3198 ± 39%

GCNN

3

17031 ± 45%

RPB

19

27703 ± 88%

GCNN

1

17228 ± 31%

RPB

12

639 ± 194%

GCNN

13

2977 ± 257%

RPB

316 ± 50%

2*

277 ± 79%

GCNN

1319 ± 134%

2

4785 ± 148%

We can see in Table 2 that the algorithm with a default
reliable pseudo-cost branching (RPB) policy tends to
perform faster than our approach, which can be attributed
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to running GCNN on CPU for JSSP [36]. Therefore, we
shall focus on the number of processed nodes as a more
reliable indicator. From that aspect, we can see that GNN
indeed reduces the number of processed nodes for smaller
JSSP instances. However, with the growing number of
variables, branching errors accumulate and tend to
produce worse subtrees – missed choices are not of high
quality. GCNN calculations, unlike RPB, are trivially
parallelizable. In the DSP problem, we ran GCNN on
GPU. Out of used 34 CO-evaluation instances, our
algorithm solved the problem faster in 13 of the DSP
instances, while on 9 it was equal to RPB. However,
sometimes when GCNN mis-performed, it did so
extremely. On large instances of DSP, GCNN model won
twice (40%,173% speedup) and tied twice. However, it
also led to timeout twice! We can also observe a very
large variance in solving time and number of nodes in
both algorithms. That happens because the problem
instances are very diverse in the terms of solving
difficulty. Also, the distribution of the number of nodes
and the solving times is skewed to the right due to the
small number of problems that take a very long time to
solve. Those problems significantly increase average and
variance in the number of nodes and solving times.
IV. DISCUSSION
There is a noticeable difference in performance on
JSSP and DSP. There are two factors at play: DSP has a
simpler problem structure, and the problem instances we
have used have a smaller variety since they are created on
top of the identical distribution network from data through
36 weeks. Contrarily, we have generated JSSP instances
uniformly. We have also seen that surrogate ML measures
do not work well in all circumstances. Cross-entropy loss
does not capture well the performance of the branching
since its missed choices do not have graceful performance
degradation. As JSSP and DSP have „tighter“ feasibility
than the problems mostly tackled in the literature (i.e. set
cover, combinatorial auction, maximal anticlique,
capacitated facility location), using diving heuristic such
as in [24] might be a promising direction for
improvement.
Currently, exact solvers do not learn from experience.
That means that if we input the same instance twice in
succession into a solver, it will behave without memory
and solve them independently. Trivially, it could simply
memorize the shortest tree path to the solution and repeat
it for all the problems with small perturbations to the
original problem for potentially great speedup. If some
learning algorithm could have the capacity to learn the
partitioning of the appropriately reduced problem family
space, significant gains could be achieved on average. The
limits to how much can solving NP-hard problems be
accelerated with machine learning hyperheuristics is an
open and highly interesting question, especially under the
known limits of AI [37] such as no-free-lunch theorems.
Graph neural networks seem like a natural fit for solving
these problems since some of the models are provably
robust on countable domains [38], but many of the
architectures rely on biases to achieve good results [39].
Explainability methods might help in debugging and
crafting better graph-neural network architectures that
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would contain more application-specific biases [40]–[42].
Explainability was already used for insights into
combinatorial optimization algorithms such as for project
scheduling [43], [44], knapsack problems, facility
location, etc. [45].
Our work is among the first ones that applied ML
methods to scheduling problems and on real-world
problems. Applications in scheduling, packing, and
routing problems for supply chains, combinatorial design
[46], and compiler optimizations [47] should be tackled
with these methods. Finding CO-focused learning metrics
that are efficient and align well with the solving
performance is of the greatest interest.
V.

CONCLUSIONS

Coupling combinatorial optimization solvers with
machine learning has many peculiarities that are not
usually encountered – for example very costly data
collection and computational hardness of the underlying
problem.
We have adapted the solution from the literature and
applied it to two scheduling problems: job shop
scheduling problem and real-world delivery scheduling in
the supply chain. This is one of the first applications of
such methods in the area of scheduling. We got promising
results with successes on small instances of JSSP and on
real-world delivery scheduling with good generalization to
larger instances for the latter. We have seen that the
sampling distribution of problems greatly matters for
achievable performance. High entropy distributions incur
big penalties on performance. Also important is that COfocused metrics are used for the learning task, instead of
the classification objective which is an ML-based
surrogate that is ill-fitted to these problems.
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